AN UPPER BOUND ON THE DEHN FUNCTION OF Out(Ar)

JAKUB F. TUCKER

ABSTRACT. To obtain an upper bound on the Dehn function of the outer
automorphism group Out® (Ar) for a right-angled Artin group Ar with defining
graph I', we use the subnormal series defined by Day and Wade in [5] to
decompose Out® (Ar). This yields a decomposition tree where each vertex G
has two descendants N and @, satisfying a short exact sequence

1-N-G-Q~-1
We prove an upper bound for the Dehn function of the group G in relation to
the Dehn functions of the groups N and Q. The Dehn functions of the leaves

of the decomposition tree are known, with these we can bound above the Dehn
function of their root, and by extension that of the group Out® (Ar).

1. INTRODUCTION

A right-angled Artin group (RAAG) is a finitely presented group determined
solely by commutator relations. Given a graph I' with no loops or multiple edges,
one can define the RAAG Ar by the following presentation, where V' (T') is the set
of vertices, and E(T") is the set of edges of I:

Ap =(V(I) | [u,v] with (u,v) € E(T))

The two extreme examples of RAAGs are free groups F,, - coming from graphs with
no edges and n vertices, and free abelian groups - coming from complete graphs.
Since a general RAAG lies somewhere between these two extremes, one might
naturally think that the outer automorphism groups Out(Ar) might lie somewhere
between Out(Z"™) = GL(n,Z) and Out(F,) in some way. There are many properties
shared by the extreme examples Out(F,) and GL(n,Z), such as certain finiteness
properties proven by Charney and Vogtmann in [1] and [2], utilising such tools as
the restriction and projection homomorphisms. More recently, Day and Wade built
upon this foundation in [5] where relative automorphism groups were applied to
decompose these groups in a convenient way. Their decomposition was devised to
compute exactly the virtual cohomological dimension of a group Out° (Ap; g, Ht),
as explicitly computed with Sale in [4], but this decomposition proves useful in other
cases.

Given an exact sequence of finitely presented groups
1-N-G-Q~-1
where N and @ have superadditive Dehn functions, one can bound dg by
da(n) <on (e‘sQ("))

Using this bound, one can apply Day and Wade’s decomposition to the group
Out® (Ar) and use the short exact sequences produced by the decomposition tree
as in Proposition 2.4 to yield an upper bound on the Dehn function of Out(Ar).
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The bound achieved in this paper, while unlikely to be optimal, depends only on
Day and Wade’s decomposition. Given a decomposition series

1=Ng<Nj < <Np=0ut’ (Ar; G, H")

as in Theorem 2.3, without explicit computation which type of group each quotient
is, this result bounds the Dehn function above by

[V (D)]+1
<
Sout(ar)(n) <€ }k <2
Where the height of the exponential tower the number of terms in the decomposition
series, which is less than 2V _ 1 for a much weaker bound dependent only on
the number of vertices in the graph I'. See Section 5 for the proof and a sharper
bound in 5.1.

Structure of the paper. We begin by describing relevant definitions and results
regarding RAAGs, before moving on to Dehn functions. In Section 4, the upper
bound on the Dehn function of the short exact sequence is proven, then applied to
RORGS in the following Section 5. Examples of explicit computation, as well as
cases where the Dehn function bound from Section 4 is optimal, can be found in
Section 6.

2. BACKGROUND ON RIGHT-ANGLED ARTIN GROUPS

There are several important definitions that will be essential to discuss the
properties of RAAGs and their outer automorphism groups:

e The link lk(v) of a vertex v e V (I") is the full subgraph of vertices adjacent
towvin I'.

e The star st(v) of a vertex v e V (T') is the join v * [k(v).

e The link lk(A) of a collection of vertices A ¢ V (T") is the intersection the
subgraphs Nyealk(v)

e The star st(A) of a collection of vertices A ¢ V (I') is the join A = [k(A).

e The partial order relation < on V(T') is defined by v < w if [k(v) € st(w). It
is with respect to this relation that we discuss equivalence classes of vertices
in I'.

e A subgroup of the form Aa < Ar where A is a full subgraph of T is called a
special subgroup.

2.1. The (pure) outer automorphism group. In this article, we work in partic-
ular with the outer automorphism group of a RAAG Ar. The outer automorphism
group Out(Ar) is defined as the quotient of the full automorphism group Aut(Ar)
by the subgroup of inner automorphisms Inn(Ar), which is generated by conjuga-
tions by a generator v of Ar of all generators in V(I'). We describe automorphisms
in Out(Ar) by a representative in Aut(Ar).

In [8], Laurence describes a set of automorphisms:

¢ Graph automorphisms - automorphisms of Ar that arise from permuting
vertices in T,

e Transvections - maps of the form v — vw for generators v < w,

e Partial conjugations - conjugation by a generator v of connected compo-
nents of ' - st(v), and

e Inversions of a single generator v~ v7!,
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and proves that the set of all such automorphims is a finite generating set for
Out(Ar). It is also known that the groups Out(Ar) is finitely presentable, as
proven by Day in [3]. We don’t need to understand the precise nature of the finite
set of relations for Out(Ar) for this article.

It is very often useful to consider the pure outer automorphism group Out’(Ar),
which is the finite-index subgroup of Out(Ar) obtained by omitting the graph
automorphisms from the set of generators. Since Out" (Ar) has finite index in
Out(Ar), the two groups have equivalent Dehn functions. For this reason, the
remainder of this article concerns Out” (Ar) in particular, rather than the full outer
automorphism group. The group Aut®(Ar) is the preimage of Out’ (Ar) under the
quotient map by Inn(Ar)

In [1], Charney and Vogtmann define two key homomorphims from Out® (Ar) to
the pure outer automorphism groups of certain special subgroups, those defined by
the stars or links of mazimal equivalence classes. In Proposition 3.2 of [1], it is shown
that for a maximal equivalence class [v] ¢ T', for any pure outer automorphism
¢ € Out® (Ar), there is a representative f, in Aut’(Ar) that preserves both the
special subgroups A, and Ag[,) (and therefore Ap,) too). With this property,
one can define the restriction homomorphism

Rpyy : Out’ (Ar) > Out®(Agyy)

induced by the restriction of each f, to Ag[,). Composing this restriction homomor-
phism with the map Out®(Ar) - OutO(AF_[v])7 induced by mapping each generator
w € [v] to the identity, yields the projection homomorphism Py,j. The precise nature
of the images and kernels of these homomorphisms are described in [5], with the
introduction of relative outer automorphism groups by Day and Wade.

2.2. Relative outer automorphism groups. Given a graph I', and collections
G, H of special subgroups of Ar, the relative outer automorphism group (RORG)
Out®(Ar; G, H?) is the group of pure outer automorphisms which preserve each
special subgroup Aa € G and act trivially on each special subgroup Aa € H. That
is, that ® € Out®(Ar; G, H?) if there exists a representative ¢ € Aut®(Ar) such that
#(G) =G for all G e G and ¢ = (id) g for each H € H.

Importantly, Fouxe-Rabinovitch groups are relative automorphism groups, where
each group in the free-factor decomposition is preserved.

There are several more important definitions that are essential to understanding
the results in [4] and [5]:

e We say that a collection of special subgroups G is saturated with respect
to the pair (G,H) if G contains every special subgroup invariant under
OutO(Ap; g7 Ht)

e We call two vertices v, w in I' G-adjacent if v is adjacent to w in the usual
sense, or if there exists Ax € G with v, w € A.

e A finite sequence of vertices is a G-path if each vertex is G-adjacent to the
next.

e A graph I' G-connected if there exists a G-path between any two vertices in
T.

e We call a subgraph A (G, H)-star-separated by a vertex v if A intersects

more than one (G¥ U H)-component of I' — st(v).

We denote by GY the set of special subgroups in G that do not contain v.
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e We define a partial order <(g 3,y on the vertices of I' by v <(g ) w
lk(v) ¢ st(w) and v ¢ G* UH, and say that a subgraph A is upwards closed
under <g ) if ve A v <gay= weA.

One can find the saturation of a pair (G,H) using

Proposition 2.1. ([4], Proposition 2.8) Let Ax be a special subgroup of Ar,
e Ap is invariant under Out’(Ar; G, H') if and only if A is upwards closed
under <(g 3y and A is not (G, H)-star-separated by a verter v el - A.
e Out’(Ar; G, H') acts trivially on A if and only if v <GH) w=v=w for
allve A and A is not (G, H)-star-separated by any vertex of T', and every
element of A is contained in an element of H.

The restriction and projection homomorphisms can be restricted to relative
automorphism groups, and the restriction homomorphism satisfies the following
result:

Theorem 2.2. ([5], Theorem E) Let G,H be collections of special subgroups of Ar,
with Aa € G. Suppose that G is saturated with respect to the pair (G,H). Then the
restriction homomorphism

R : Out’(Ar; G, H') - Out(Aa)
satisfies the short exact sequence
1> Out®(Ar; G, (H U {Aa})") - Out®(Ar; G, H!) 8 Out®(An; Ga, HY) — 1
Where Ga is defined as {AAn@|A@ € G} and Ha is defined similarly.

This restriction map is used to decompose Out’ (Ap; g, Ht) unless all the restric-
tion maps have trivial image. If this happens, there are five subcases:

(1) T is disconnected and G-disconnected,

(2) T is disconnected and G-connected,

(3) T is connected, and the centre Z(Ar) is trivial,

(4) T is connected, and the centre Z(Ar) is a proper non-trivial subgroup, or
(5) T is complete and Ar = Z" for some n.

Note that if every restriction homomorphism is trivial, then Out’(Ar; G, H?) acts
trivially on every Aa € G, so we may assume G = H is saturated with respect to
(G,G) and write Out®(Ar;G?) in place of Out(Ar; G, H') Each of these cases has
a corresponding result in ([5], Section 5.1) essential to the decomposition.

(1) There is a free-factor decomposition
Ap = Ap, x Ap, * % Apy By

In which case Out’(Ar;G') = Out®(Ar, {Aa,}!) is a Fouxe-Rabinovitch
group.

(2) Out®(Ar;G?) is a finite-rank free abelian group.

(3) Out’(Ar;G?) is a finite-rank free abelian group.

(4) Let A =T - 2(T"), where z(T") is the full subgraph consisting of vertices
which are adjacent to every other vertex, so that A,y = Z(Ar), then the
projection homomorphism Pa satisfies the short exact sequence

1> Kp, — Out®(Ar:G%) 3 Out®(Aa;Gh) — 1
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with kernel K p, free abelian generated by leaf transvections in Out"( Ar; G*)
- in this case the leaf transvections are those of the from u — uw with w € z(T")
and u ¢ z(T).

(5) Ap =Z" and there is some 1 < m <n for which the exact sequence

1 - A- Out’(Ar;G") - GL(m,Z) - 1

is satisfied where A is a finitely generated free abelian group of matrices
with rank m(n —m), note we can have m =n and A trivial.

2.3. Decomposing RORGs. The key result for our Dehn function bound is the
following theorem by Day and Wade.

Theorem 2.3. ([5],Theorem 5.9) Let Ar be a right-angled Artin group, and G, H
any collections of special subgroups of Ar. Then there is a subnormal series

1=Ny< Ny < <Ny =0ut® (Ar; G, H')

where each quotient Ni1/N; is isomorphic to one of

(D1) a finitely generated free abelian group,

(D2) GL(n,Z) for some n, or

(D3) a Fouze-Rabinovitch group Out®(Ar, {An, }}) for a free factor decomposition
AF = AAl *AA2 * oo *AAk * Fm

With this result, we can use short exact sequences of the form
1 - N; > Nijy1 = Niwi/N; = 1

and a bound on the Dehn function of N;,; in terms of the Dehn functions of N;
and the quotient to bound 6oy (ap;g,21)- In particular, we will use this result for
Out® (Ar), which is a finite-index subgroup of Out(Ar), to obtain an upper bound
on the Dehn function of Out(Ar).

While this result suffices to achieve a bound, it is not yet clear how one computes
such a subnormal series. Proposition 4.2 of [4] describes the process of obtaining a
decomposition tree for Out®(Ar; G, H'), with our initial group at the root, leaves
labelled by a group of one of the quotient types (D1), (D2), or (D3). Each internal
vertex of this tree is labelled by a RORG G, and has two descendants N and @
which satisfy the short exact sequence

1-N-G-Q~-1

Proposition 2.4. ([4], Proposition 4.2) There exists an algorithm that produces a
decomposition tree for Out®(Ar; G, H?)

Proof. The process for obtaining a tree is iterative, given a vertex v in the tree,
labelled by a group Out®(Ar,;G,,H!), one either recognises the group as one of
the quotient types (D1), (D2), or (D3) or extends the tree by adding two new
descendants v; and ve of v which are either RORGs of lower complexity (in the
sense of [5], Theorem 5.9) or a group of one of the three quotient types. Since the
complexity of RORGs decreases as we get further from the root, this process will
terminate.

Given Out’(Ar,;G,,H!), first we extend G, to its saturation G with respect to
the pair (G,H) by determining the invariant subgroups.
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If there exists a special subgroup Aa of Ap, such that the restriction map Ra
is non-trivial, we get 2 descendants from the kernel and image of the short exact
sequence

1 N OutO(AFv;g’Uu (H’U U {AA})t) — OUtO(AFv;gvaHt'u)
e OutO(AA; (Go)a, (Ho)a) » 1

Otherwise, we consider the five cases as above:

e In case 1, our group is of type (D3) and is a leaf.
e In cases 2 and 3, our groups is of type (D1) and is a leaf,
e In case 4, set A =T, - 2(T",) and we use the short exact sequence

1> Kpy — Out®(Ar,;G1) 5 0ut®(Ax; (Go)h) — 1

To obtain two new descendants, the kernel is of type (D1) so is a leaf.
e In case 5, we use the short exact sequence

1A Out’(Ar,;G!) - GL(m,Z) - 1

to obtain two new descendants, the kernel is of type (D1) and the image is
of type (D2) so both are leaves

(]

Note that each time a non-trivial restriction map is used to create two new
descendants, a choice of subgraph A c I' is made. It is unclear whether the quotients
depend on the choice of decomposition tree.

3. BACKGROUND ON DEHN FUNCTIONS

Given a group G with finite presentation (A | R), the Dehn function 6 4r)y : N - N
of G with respect to this presentation is a bound on the area of a nullhomotopic
word w, i.e. w =g 1 in terms of its length. The notion of area can be viewed
in multiple ways: algebraically, as the minimal number of applications of relators
r € {R) required to reduce w to the empty word, or geometrically as the minimal
number of 2-cells in a Van Kampen diagram for w - a minimal isoperimetric function.
These two definitions are equivalent in the sense as described below and throughout
this article I will regularly switch between these two perspectives when useful.

3.1. Ordering and Equivalence. There is an ordering < for functions [0, c0) —
[0,00) that is commonly used for Dehn functions. Given two maps a,b: [0,00) —>
[0,00), we say a < b if there exists a constant C' > 1 such that a(n) < Cb(Cn +
C)+Cn+C for all ne[0,00). For application to Dehn functions, this definition is
restricted to n € N. We say that two functions a,b: [0,00) — [0,00) are ~-equivalent
if a < b and b < a. Whenever equivalence of Dehn functions is mentioned, it is
referring to ~-equivalence.

A priori, the Dehn function depends on the specific presentation of a group G. A
helpful result is that the Dehn function with respect to any two finite presentations
of the same group are ~-equivalent. With this result, we consider Dehn functions up
to ~-equivalence, and often compare them to simple functions such as polynomials
or exponentials.
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3.2. Known Dehn functions. For the purposes of this article, we are required to
know some Dehn functions of specific groups. In particular, groups of type (D1),
(D2), or (D3) as described in Theorem 2.3. Fortunately, these results are known.

(D1) Finitely generated free abelian groups G have quadratic Dehn function
6G = TL2,

(D2) GL(n,Z) has linear Dehn function for n = 1,2, Dehn function < €™ for
n=3,4, and < n? for n> 4,

(D3) Fouxe-Rabinovitch groups Out®(Aa, * - * Aa, * F,,) are believed to have
exponential Dehn function, based on [9], though I have not yet been able to
access this paper. In particular this case covers the groups Out(F,) which
are known to satisfy an exponential isoperimetric inequlity as in [6].

Observe that all three types satisfy an exponential upper bound, so we know that
dg(n) < €™ for any group G of type (D1), (D2), or (D3). This is useful for a more
general result, where we are not required to compute the subnormal series as in
Theorem 2.3.

3.3. Passing to finite-index subgroups. Day and Wade’s subnormal series in
Theorem 2.3 will give us an upper bound on the Dehn function of Out® (Ar), but
we can generalise this to a bound on the Dehn function of Out(Ar).

The Cayley graph Cay'(G, A) of a group G with generating set A is the labelled
and directed graph defined by assigning each element g € G a vertex, and for every
g € G,a e A, there is a directed edge from g to ga labelled a. The metric on the
Cayley graph is defined by the word metric on the vertices of Cay'(G,A), and
extended to the edges by assigning them to each have length 1.

Let (X,dx), (Y,dy) be metric spaces, let A > 1, > 0 be constants. Then a map
f: X =>Y isa () e)-quasi-isometry if for every two points x,z’ € X, we have

1
XdX(:r,:c') —e<dy(z,2") < Mdx(z,2") +¢

Two metric spaces (X, dx), (Y,dy) are called quasi-isometric if there exists such as
(X, €)-quasi-isometry f between them, and there is a map ¢g: Y — X such that there
exists a constant C' > 0 where dy (f o g(y),y) < C for all y € Y, and such a function
g is a called a quasi-inverse for f.

It is known that the Dehn function is a quasi-isometry invariant. This means
that two quasi-isometric groups have equivalent Dehn functions, where two groups
are called quasi-isometric if their Cayley graphs are quasi-isometric as metric spaces.

Given a finite-index subgroup H in G, with the generating set of G being a
generating set for H along with a finite transversal, then one can check that the
inclusion map H < G induces a quasi-isometry between the Cayley graphs of G
and H with respect to these generator, and that the map ¢ - that sends vertices
g in G\ H to the unique vertex h € H where g = hg; for a transversal letter g;,
sends vertices in H to themselves and points on edges to the image of either of their
endpoints - defines a quasi-inverse to the inclusion map.

Since it is known that the group Out’ (Ar) has finite index in the full outer
automorphism group Out(Ar), it follows that these two groups have equivalent
Dehn functions.
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4. BOUNDING DEHN FUNCTIONS IN SHORT EXACT SEQUENCES

In this section we will be dealing with short exact sequences of the form
1-N->-G-Q~-1

We will prove a bound on ég : N — N as a function of dg and dy, assuming that
these two Dehn functions are known.

4.1. The split short exact sequence case. Suppose we are dealing with the split
short exact sequence

This means that we can write G @ N x @, and say that G is generated by
{n1,...,nk,q1,-..,q-} where {ny,...,n;} is a generating set for N and {q1,..., ¢}
is a generating set for ). As for the relations in G, by the semi-direct product we
have all the relations from N and all the relations from @, as well as conjugation-
by-Q relations of the form ¢;n;q;* = v; j(n1,...,nx), where v; ; is a word in N and
ie{l,...,r},je{l,...,k}, coming from the normality of N in G. There are rk
such v; ; - finitely many. Therefore we can set A to be the maximal length of these
Vs,5-

Suppose w is an arbitrary word of length ¢ in G, with w =g 1. If A > 1, we can
apply conjugation-by-Q relations no more than A\*~! times to move any ¢; to the
right side. Each application of a conjugation-by-Q-relator adds at most A to the
number of N-letters in the word, and preserves the number of Q-letters - so we
are left with a word of the form u(ny,...,ns)v(qi,...,q.) of length < A\! in total
where the N-part has length < A and the Q-part has length < t. If A = 1, then
every conjugation of an N-generator by a (Q-generator yields an N-generator, then
at most ¢ applications of defining relators suffices to move all the N-generators past
the @Q-generators and we are left with a word still of length .

We can consider the image of this word uv under the map g. Since the short
exact sequence is split, and thanks to our choice of generating set, the map ¢ is
the projection of the ()-generators, so the image of this word uwv under g: G — @Q is
precisely the subword v. Since g is a homomorphism, and uv =g 1, we must have
that v represents the identity in @, and therefore in G. It follows that u must also
represent the identity in G.

We can reduce both subwords u,v to the empty word in known time: w can be
reduced with max{dyx(\"),dnx(t)} applications of defining relators (since if A > 1,
dn(A?) is larger, and otherwise dy(t) is larger - in both cases these are the Dehn
function of N evaluated at the length of the subword u) and v can be reduced with
dg(t). It follows that we have an upper bound on the Dehn function of G in:

bc(t) <max {Sn (A, dn (1), 00(t)}

We can try to sharpen this bound by reducing the exponential A’. In many cases,
the length yielded from the application of a conjugation-by-Q-relator is less than
the maximum A. To account for this, we can define a growth function.

We need to account for the longest word in N that can be obtained by successive
conjugations of a generator of N by different elements of Q). Let @) have a generating
set T ={q1,...,q-} and N have S = {ny,...,ng}. To find the worst case, the longest
resulting word in IV, we need to look at conjugation of each generator s € S of N by



AN UPPER BOUND ON THE DEHN FUNCTION OF Out(Ar) 9

each possible sequence of length n of generators ¢; € T'. This set of ordered n-tuples
can be denoted 7™, and it follows that for the growth g : N — N of an N-generator
under conjugation by a word in @), we have
-1
go(n) = max {I?%xﬂx s:v|}}

We can’t immediately replace A' with gg(¢) in our upper bound. Previously, when
we used the bound A¢, we knew that the maximal length N-part would be obtained
when the starting word had N-part of length 1, as with the case missed before,
we need to be careful assuming this is the worst case now: what if at some n we
have that go(n+1) <2gg(n)? Then there would be some length of word where the
worst possible starting word would have 2 letters in N rather than 1. To account
for such a case we cannot simply replace the A’ upper bound with gg(n) - we need
to look at what is maximal of gg(n),2gg(n —1),39g(n - 2), etc. To avoid so many
computations, we can consider a simpler alternative

Consider any sequence x € T""'. We can append any T-letter, say ¢;, to the right
hand side to get a sequence & € T™. Consider the conjugation & 's# for any s € S.

‘We have

i s =t e saty

Since [t71st;|> 1 for all s € S, we have that
|§:_15£| = |t11x_1sxt1| > |x_lsx|

Taking = to be maximal in 777!, in the sense that the length of 2™ !sz is maximal,
gives a way of generating a longer word from & € T™, and therefore gg(n) > go(n-1).
Repeating this process inductively, we have that gg(n) > gg(k) for all k <n, and
therefore that gg(n) > go(n+1-1). It follows immediately that ngg(n) > igo(n+1-i)
for all i € {1,...,n} and so we can say that

dc(t) < max {0n (19 (%)), 0 (1)}

Note that the original upper bound with A’ is useful in cases where we are unable
to compute the smaller growth functions gg, since A" ~ e, and by lemma 4.2, we
can interchange these. In particular, note that - by its construction - gg(t) < A,
and so gg(t) <€,

4.2. A useful presentation. Given a short exact sequence
1-N-G-Q~-1

and finite presentations (Y|S), (X|R) for N and Q respectively, we want to under-
stand the Dehn function of G in terms of the Dehn functions of N and @ with
respect to these presentations. In this case, we can think of NV as a normal subgroup
of G and we can think of @ interchangeably with the quotient groups G/N, that is,
the group of cosets of N in G.

In order to even define the Dehn function, we must first have a finite presentation
for the middle group G. In a post on math stack exchange [7], D. Holt gave the
construction for such a presentation below.

Firstly, we want a choice of coset representatives in G that correspond to the
generating set X of G/N, so for each T € X we choose an z € G such that zN =T,
and set X = {x | Te€ X}. I will call these generators the lifts of those in X.
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Observe that since the cosets partition G, every element g € G can be written
as g = uy(X)ve(Y') for some words u,v in X and Y respectively - it follows that X
and Y generate G.

For any word W in X, we can define a corresponding word w in X with wN =@
by substituting each Z or Z ' with  or ™! respectively. In particular, for each
relation 7 € R we have a word r, and since 7 =g/~ 1, we know that 7N = N, or
r € N. Tt follows that for every relation 7 € R, there is a corresponding relation rw,
for some word w, € N. Set R = {Tw;l |7 e R}. I will call these relators the lifts of
those in R.

Since N is a normal subgroup, there are conjugation relations for each y € Y,z € X
of the form a:_ly:vw;;. Call the set of such relations T'. These are the same as our
conjugation-by-Q-relators that we used in the split case. It turns out that

(XUY |RuUSUT)

Is a finite presentation for G. A proof can be found in [7].

When using this presentation, for a word w in G, I will call the subword consisting
of the generators in X or Y the ” X-part” or "Y-part” of the word respectively.

4.3. A simple non-splitting example. Before giving a general upper bound, it is
insightful to first deal with a relatively simple example. In hopes that understanding
this case will give techniques that can be generalised to any short exact sequence,
We will consider the Heisenberg group

Gz (a,b,c | ¢ =[a,b],[c,al, [c,b])
In relation to the construction above, this is obtained from the short exact sequence
1-Z->G->7%>1

Where Z = <c | > and Z2 = (E,B| [a, 5]) This is a simple example of a non-splitting
short exact sequence of groups.

It is known that the Dehn function of this G is dg(n) ~ n3, so we expect to get an
upper bound greater than or equal to this polynomial from the short exact sequence.

Initially, we will proceed similarly to the split short exact sequence case: given
an arbitrary nullhomotopic word w in G of length < n, we first want to move all of
the letters in the N subgroup to one side. Since N = {c) lies in the centre of G by
its construction, this is easily done by applying at most n? commutator relations
and does not increase the length of the word. After this is done, we have a word
w1 =g w of the same length as w with all copies of ¢ at the left hand side.

Mapping w; into G/N = Z?, we see that since w; =¢ 1, w1 — wg =g/n 1. All the
quotient map here does is set ¢ =1, so it follows that the (a,b)-part of w, wg, can
be written as a word in the kernel N, i.e. as a power of ¢. The question is how
many applications of defining relators does this take?

Consider a Van Kampen diagram in G/N. This has no more that g n(n) 2-cells.
Consider the corresponding sequence of applications of defining relators in G/N to
achieve this Van Kampen diagram. Consider the lift of the first applied relator: in
G/N it will replace some part of a 'b'ab with the inverse of the other, but the lift
in G will do so and introduce a copy of ¢*!. In order to apply the same sequence of
defining relators in G as in G/ N, we need to move all copies of ¢ out of the way after
each applied relator. Moving each copy of ¢ takes no more than n? applications of
defining relators and this whole process must be done up to ég/n(n) times.
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After this, we are left with a word in N of length no more than n + dg/n(n), so

this can be reduced to the identity in dy (n +0q/N (n))—time.
Adding up all these, we have an upper bound of

n?+n?x 5g/N(n) + 5g/N(n) +0N (n+ 5g/N(n))

And if we plug in our known Dehn functions dx(n) = n and dg/n(n) = n*, we have
a process of reducing an arbitrary nullhomotopic word in G of length up to n to the
identity in no more than n? +n* +n?+n+n?=n*+3n2+n steps, so we can say
with this construction that
da(n) < n?

Evidently, this is not an optimal upper bound (since é¢ is bounded above by n?),
but it is a valid one. Many of the steps in this construction can be generalised, but
special care needs to be taken when rearranging the letters of a more general word,
since the conjugation-by-Q-relators may not be as nice as the commutators they
are in this example. To work with this, recall from ” A simpler upper bound for the
Dehn function of a split short exact sequence” the growth function gg. See section
6.1 for examples where this method yields an optimal upper bound.

4.4. The general case. The main difference between this Dehn function bound
and the one for the split short exact sequence case is the Y-subwords that arise
from lifting relations in @ (those in R) to relations in G' (those of the form w,r~*
for 7 € R).
Proposition 4.1. Let

1-N->-G-Q~-1
be a short exact sequence of groups, where N = (Y | S), Q = <Y|R) and G =
(X uyY | RuSu T). Then the Dehn function of G is bounded above by

5¢(n) <on ((Ln +1)dg(n)gq (0o(n)Lg))

Where Ly is the maximum length over the wor@ w, for relators wyr™t in R and
L is the mazimum length over the relators T € R.

Proof. We can begin similarly to the split case: let w be an arbitrary nullhomotopic
word in G. The first step is to separate the Y-part and the X-part of the word - we
can do this using our conjugation-by-Q-relators 7. We can move all the X-letters
past the Y-letters using no more than ngg(n) commutators, yielding a new word
wy with Y-part of length no more than ngg(n) and X-part of length no more than
n. In the figure below, w; is taken to be the inside loop once all the commutator
relations have been applied.

X-part
Y -part

w w w1

FIGURE 1. Rearranging w
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Next, we know that since wy =g 1, its image w¢g under the quotient map is equal
to 1 € ). The whole word w; lies in the kernel N of the quotient map, so there
must be some way of rewriting the X-part wg of wy in N. Consider a Van Kampen
diagram for wq in @, with area no more than dg(n), and consider the corresponding
sequence of relations applied to obtain such a diagram. Each relation 7 € R applied
in this sequence has a lift to a relation in r € R, where the X-part of r is exactly 7
and there is an additional Y-part w;! in the lifted relator.

We want to be able to lift
this whole sequence into G, to
rewrite the X-part wg of wy as
a word in the letters of Y in
dg(n) steps. The appended Y- N ~
letters in the R-relators pose a
problem: each time we lift an R- “Q Van Rhmipen
relator to an R-relator, we need dinram for e
to account for the Y-subword
before we can apply the next R-
relator in the sequence. Since
this Y-subword w; ! might be preventing us from adding the next 2-cell of the filling
in the sequence - the Y-parts of the lifts of the boundaries of two adjacent cells in
the filling of wg may not agree.

FIGURE 2. The image under the quotient map

There are some useful constants to define to help here. Let Ly be the maximal
length among relators in R, and let Ly be the maximal length of the Y-part of the
relators in R.

We want to move the any new Y-subwords created by applying these relations
over to the side with the rest of the Y-part of wy; we can do this using the
conjugation-by-Q-relators in T'. After each application of a relator in R, we can
use the conjugation-by-Q-relators in T' to create a corridor of T-relators with sides
labeled by the same word in X, since the conjugation relators preserve the X-part
of a word at the cost of multiplying the length of the Y-part. This allows us to then
apply the next R-relator and proceed until the whole sequence of relators has been
applied, leaving us with a closed loop wy with boundary labelled only by Y.

1 1 1 1
J \D/ \(g MY@)
-. wi -. W - w -. w

FIGURE 3. Translating the X-part into Y

To account for the area of each of these corridors, we consider a worst case
scenario where the length of the corridor is the same as the length of wg, the X-part
of w1. One might have to move as many as n + Lz X-letters past Ly Y-letters,
which would require as many as Lygq(n + Lg) applications of T-relators - this
process also adds up to Lygq(n + Lg) Y-letters to the length of wy. The following
step might force moving n + 2L X-letters past Ly Y-letters, adding a further
Lygo (n + QLE) Y-letters to wy and so on.
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Taking a generous upper bound, we can say that each of the dg(n) steps required
to complete the translation process requires at most an additional
Lygo (n + 5Q(n)L§) applications of T-relators, and can contribute as many Y-
letters to wy. Consider that after the k-th step, the remaining length of the Y-part
can never exceed (dg(n) - k)Ly, else it wouldn’t be possible to reduce it to the
empty word in time, and also at this step it can’t have been made any longer than
n+ kLz. It follows that we can lower this bound by exchanging n + dg(n) Lz for
n+ 26¢g(n) L, reducing the N-area of wy.

Once this process is complete, we are left with a partially filled Van Kam-
pen diagram, the remaining part to fill is wy - a loop consisting only of Y-
letters of length no more than ngg(n) +6q(n)Lygg (n+ 26¢g(n)Ly). Since this
word is contained in the subgroup N, we can use the known Dehn function
oy to tell us that we can fill this Van Kampen diagram with no more than
N (ngQ(n) +00(n)Lngo (n+ %5Q(n)L§)) 2-cells. Note that this is an upper
bound on a filling of wy using only relations in S, which can be no better than a
filling using all relations in RuSuT

So now we have fully reduced the word, we can add up the area to get a total
upper bound

dc(n) <ngo(n)

+6q(n)Lngg (n + %6Q(N)L§)

1
+0N (ngQ(n) +dg(n)Lngo (n + §§Q(n)L§))
Since dn,0¢ are at least linear, we can say

5c(n) <n ((Ln +1)dg(n)gq (dg(n)Lz))

Note that I am implicitly assuming Lz > 2 for this nicer-looking bound, but
if L <2, @ must be a free group: since all its relators are either y = 1 for some
generator, or @ has no relators; and so any nullhomotopic word w would have its
X-part freely reduce once reshuffled to w; as above, in which case we would have
da(n) <ngg(n) +dn(ngo(n)) < dn(ngg(n)). |

We often see the < relation ignore constants, such as our Ly and L, but it
is not immediately clear that we can omit these in the statement, since we have
not proved any results about its behaviour under composition. With the following
lemma, we will be able to simplify our upper bound, while being forced to include
the condition that é¢ is superadditive.

Remark. While it is not proven that every Dehn function is equivalent to a super-
additive function, there are no known counterexamples. Particularly in our use
case, the Dehn functions we deal with are all quadratic, exponential or various
compositions of such functions - all of which are superadditive.

Lemma 4.2. Let a,b,a’,b' : N —> N be functions that are strictly increasing, at least
linear and that b and V' are superadditive. Then

aob~a ot/

Proof. If a ~ o', we know that a(n) < Ca’(Cn+ C) + Cn + C for some constant
C > 1, likewise b(n) < DV'(Dn+ D) + Dn + D for some D > 1. We need a bound
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aob<a oEV(En+FE)+En+E for a constant E > 1.
aob(n) <a(DV(Dn+ D)+ Dn+D)
<Cad (CDVY(Dn+D)+CDn+CD+C)+Cn+C
<Cd (V' (CD*n+CD*)+CDn+CD+C)+Cn+C (superadditivity)
<Cd (V(CD*n+CD*+CDn+CD+C))+Cn+C
<Cd ob' ((CD*+CD)n+(CD*+CD+C))+Cn+C
<Ed' oV (En+E)+En+E

Where E := CD? + CD + C. The reverse inequality follows the same way, so
aob~a' ol O

Since Dehn functions dx,d¢ are increasing and at least linear, we can say that
if g : N - N is superadditive, we can ignore the constants. If we take the upper
bound gg(n) < €™, then we can use that f(n)e/(™ <ef(™ to obtain the following
result.

Theorem 4.3. Let

be a short exact sequence of groups. Suppose that the Dehn functions of N and Q
are superadditive. Then the Dehn function of G is bounded above by

da(n) <on (e‘sQ("))

5. BOUNDING THE DEHN FUNCTIONS OF RORGS

Applying Theorem 4.3 can be simple: we already know how to obtain a decom-
position tree from a RORG thanks to [4], as outlined in 2.3, and we can use the
known Dehn functions of the leaves to repeatedly apply our new bound to obtain a
bound on the Dehn function of the group at the root of the tree.

Since it is not known whether the choices made in constructing a decomposition
tree might result in different quotients, or quotients in a different order, to find
the optimal upper bound by this method, one would have to check every possible
decomposition tree and take the one that yields a minimal bound on the Dehn
function. While such a computation is necessary to find the optimal bound, we can
achieve a worse but simpler bound if we can bound the number of leaves of the
decomposition tree (or equivalently the number of terms in the subnormal series).

Observe that the depth of a decomposition tree for Out’ (Ap; g,?—lt) can never
be greater than the number of vertices plus one, since for each inner vertex, its
left descendant acts trivially on at least one more vertex of the graph and its right
descendant acts on a subgraph which has at least one fewer vertex than their root.
Once there are no non-trivial restrictions, which must occur by the |V (T')|-th level,
the vertex is either a leaf, or a projection homomorphism can be applied to obtain
two descendants which are leaves. This upper bound on the depth of the tree as
[V(T)| + 1 gives an upper bound on the number of leaves as 2/ M1 This naive
upper bound can be improved by having some greater understanding of the sets in
G —H and the order of decomposition.

Given a saturated pair (G, #H), since every restriction homomorphism is applied
to a subgraph defining a special subgroup in G — H, the depth of the decomposition
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tree can be similarly bounded by |G — #H| + 1. Observe that at each level of the
tree, this number is reduced by at least one: for the left descendant, one special
subgroup in G is added to H, reducing |G — H|; for the right descendant, Ga contains
at least one fewer special subgroup than G (since Aa is removed), and every special
subgroup removed from H when restricted to Ha is also removed from G under the
restriction, so |Ga — Ha| < |G - H]|.

5.1. Bounding the number of leaves on the decomposition tree for the
outer automorphism group of a RAAG. If we consider the root of the tree to
be Out’ (Ar) instead of a general RORG, we can describe an explicit decomposition.

Note first that the set H is empty for Out’ (Ar), since every vertex is acted
upon non-trivially by its respective inversion homomorphism, so we only need to
understand the saturated G. Also note that Out® (Ar) is defined with G and H
empty, so the definitions of <(g 3y, G-connectedness and (G, H)-star-separation
coincide with <, usual graph connectedness and usual star-separation respectively.

Recall that a clique is a complete subgraph, meaning that each of its vertices
are adjacent to every other. Proposition 2.1 tells us that a subgraph defines a
special subgroup in G if and only if it is upwards-closed under <(g %) and not
(G, M )-star-separated by an external vertex.

Cliques almost achieve these properties, since they cannot be star-separated by an
external vertex, and there is only one case where they might not be upwards-closed.
Suppose v is a vertex in a k-clique A, and there is some other vertex w, not in A,
with v < w. Then we must have that Ik(v) ¢ st(w), in particular, w is adjacent to
all k-1 vertices in A —v. If w is adjacent to v as well, then this was a (k + 1)-clique
all along - so we will suppose this is not the case, therefore (A —v) * w is a k-clique
in ' as well, so we see that if a k-clique A is not upwards-closed, then there is some
other k-clique that intersects A at k —1 of its vertices. To ensure upwards-closure, I
will define an amalgamated clique.

Definition 5.1.1. An amalgamated k-clique is the union of a maximal set of
k-cliques, which have pairwise intersection a (k — 1)-clique.

These amalgamated cliques satisfy some nice properties, which ensure that they
define special subgroups in G.

Lemma 5.1. Amalgamated cliques are upwards closed

Proof. Suppose that an amalgamated k-clique A is not upwards closed, then there
is a vertex v € A and a vertex w € I' = A with v < w. Then w must be adjacent to
the other k — 1 vertices in a clique that v is contained in, so the rest of that clique
and w form a k-clique, and by the definition of amalgamated clique, w was in A all
along. (I

Lemma 5.2. Amalgamated cliques are not star-separable

Proof. Suppose that a vertex u eI - A star-separates an amalgamated k-clique A,
then A — st(u) is non-empty and not connected. Let v, w be any two vertices in
A- st(u). If v and w are in a k-clique, then they are adjacent. Suppose that v, w
are in 2 distinct k-cliques A,, Ay, then A, N Ay is a (k - 1)-clique consisting of
vertices adjacent to both v and w, so must be contained in the star of u, however,
then uwuU (A, NnAy) is a k-clique, and intersects A, at k-1 vertices, so v must have
been in A all along. [
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It follows from these two results, and Proposition 2.1 that the set of amalgamated
cliques is a subset of G for the group Out® (Ar). Now it is with these special sub-
groups that I would like to describe a specific process for obtaining a decomposition
tree.

Firstly, one has to split up I' into amalgamated cliques in some way, we will
construct a set of amalgamated cliques C. Suppose the maximal size of a clique in
T" is d, then find the set of all distinct amalgamated d-cliques in I', add these to
C. Note that some of the k-cliques in an amalgamated k-clique are allowed to be
subcliques of larger cliques, it is only required that there is at least one k-clique
in each amalgamated clique that is not strictly a subclique of another. After this,
look for all the (d - 1)-cliques that are not subcliques of any larger clique, and add
all the distinct amalgamated (d — 1)-cliques that can be obtained from these to C.
Repeat this process with cliques of all sizes. Since every vertex is contained in a
clique of size at least 1, every vertex is contained in some amalgamated clique. Thus
the set of subgraphs C covers I'. Let m be the size of the set C and let d be the size
of the largest amalgamated clique.

Since every subgraph in C defines a special subgroup in G, one can apply the
restriction homomorphism to these groups. If one first applies the restriction
homomorphism to the d-amalgamated clique A, we see that the right descendant is
a relative outer automorphism group of A, meaning that this branch of the tree
has depth no more than |A| +1 by our naive bound. If one repeats this process with
all subgraphs in C, we will have no more than m + 1 left descendants from the root,
the first m of which have a corresponding right descendant a branch with depth no
more than the size of the corresponding amalgamated clique plus one.

Note that at each stage, the restriction homomorphism is non-trivial, since by its
construction the set C does not allow for any k-amalgamated clique to be a subgraph
of an f-amalgamated clique for k < £, and so each A4 is not acted upon trivially by
any vertex of the decomposition tree until the left descendant of the short exact
sequence for R is reached. However, if there is an amalgamated clique A with
A= I', no restriction homomorphism can be applied. If this is the case, then one
must apply the naive upper bound as above, which will coincide with the bound
below if there is only one amalgamated clique.

Combining these results gives a bound on the number of leaves of a decomposition
tree for Out® (Ar) as

k = #tleaves < > AR ¢ odtl
AeC
With this bound, we can also obtain an upper limit on the height of the exponential
tree for dpuo(ay), since [4] tells us each leaf corresponds to a quotient in the
decomposition series. We have the short exact sequences

1= N; = Nijp1 = Niy1 /Ny = 1

which tells us

n

Sn,., (n) <6y, (65N+72+1/N1‘(")) <0, (ee )

One can extrapolate this result, checking that dn, < e”, to the whole sequence to
see that for a decomposition series of length k, the height of the exponential tower



AN UPPER BOUND ON THE DEHN FUNCTION OF Out(Ar) 17

is 2k, or that

e” N N
S0uto (ap) (1) < €° } <2 =m
AeC
For a general RORG Out® (Ap; g, Ht), one can take the intersection of C with G —H
and apply the same algorithm for generating the decomposition tree, to see that
d0uto (Ar;G, ) satisfies the same upper bound.

Note that it has not been shown which of these three upper bounds is the smallest,
and that it is most likely for and arbitrary RORG that none of the three give optimal
decomposition trees - we have not considered that some of the leaves may have
quadratic Dehn function, or that the depth of each branch will usually be less
than 2!2/ + 1. However, this bound is much simpler and quicker to compute than
taking the minimum obtained across all decomposition trees. Also observe that the
number of amalgamated cliques in C is bounded above by the number of cliques in a
decomposition of I" into cliques of maximal size, but each amalgamated clique may
be larger than these cliques.

6. EXAMPLES AND COMPUTATIONS

6.1. Examples of an optimal short exact sequence upper bound. Below I
will discuss some cases where this bound is optimal.

Consider the short exact sequence
1-F, - F,xF,—>F,—>1

where F; is the free group of rank ¢ and the maps are the inclusion and projection of
each part of the direct product. It is known that dgxpg ~ max{éc;, O0H, ng}; in this
case, since the Dehn function of a free group is linear, we can say o, «r, ~n?. To
apply our new bound, we need to understand the growth function gg,, but since
we have a direct product, this is simple: the generators of F,, commute with the
generators of Fy,, so g, (n) =n.

Therefore our bound reads &g, x, < 0r,, (0, (n)?) = dp,, (n*) = n?, the optimal
quadratic upper bound.

For a more interesting example, consider the group
G= <a17 <oy 0ny, S7t | S_lais = ¢(ai)7t_1ait = ¢(az))

Where ¢ is some automorphism of F,,, the subgroup generated by the a;. This
group G satisfies the short exact sequence

1> F,=(a1,...,an) >G> Fy=(s,t) > 1
as well as the Dehn function dg(n) = g4(n) where g4 the growth of ¢ is defined by

go(n) = el {lo™ ()}

Observe that since both generators of F» yield the automorphism ¢ when conjugating
generators of F},, this growth function g4 coincides with the growth function g, in
this example.
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Applying our upper bound, one can see

oG <6, (0r,(n)gr, (6r,(1)))
~0p, (ngr, (n))
~ngy (n)
If g4 is polynomial g ~ n?, then we have achieved n¢ < §g(n) < n®*! - so our upper
bound is nearly optimal. If g4 grows faster than polynomial, i.e. exponentially, we
have that g4 (n) < da(n) < ngy (n) < gy (n) - so our upper bound is again optimal.

6.2. Computing an upper bound of the Dehn function for a simple RAAG.
Consider the graph I':

We want to compute the decomposition tree for Out®(Ar), following with Proposition
2.4, we need to first extend G to its saturation.

One can check that the ordering relations in I' are vy < vg, v1,< v3, v5 < v3, and
vs, < vg4. See that if the subgraph defining a special subgroup in G contains vy, it
must also contain vy and v3 to be upwards-closed, and the same holds for vs,v4 and
v3 respectively.

For Out® (Ar), the definitions of <g 3/) and (G,H) coincide with their standard,
non-(G, M), definitions. Observe that # is empty since each vertex is acted upon
non-trivially by their respective inversion automorphism. The third condition of
Proposition 2.8 from [4] can never be satisfied. It follows from these properties that
G contains all special subgroups defined by graphs with only vertices in the set
{ve,v3,v4} (graphs defined by the power set P ({va,v3,v4})), since any combination
of these elements will satisfy v <(g3) w = v = w as all vertices in this set are
incomparable. Such sets are also upwards-closed, not star-separated by any outside
vertex in I' and Out®(Ar) acts trivially on each of these three vertices, with the
exception of the inversion automorphisms, so {v;} € G for i € {2,3,4} - these subsets
satisfy both conditions to be in G.

Observe that the special subgroup defined by the subgraph A =

is upwards-closed and not (G, H )-star-separated by either vy or vs, since A — st(vs)
and A — st(vs) are both connected (and thus (G, H)-connected) graphs. So we can
see that Aa €G.

It then follows that G = P ({v1,v2,v3})u{An, Ay, Aar, Ay} where x = {v3,v4, 05},
A" ={vy,v9,v3,v4},X" = {v2,v3,v4,v5}, since the four special subgroups specified are
defined by all the upwards-closed proper subgraphs containing either v, or vs, one
can easily check that Out®(Ar) preserves each of these special subgroups.

Furthermore, since the transvection v; = vyv3 acts on A non-trivially, A ¢ H, we
apply the restriction homomorphism Ra to Out®(Ar) to find the first 2 descendants
in our decomposition tree.

Applying the short exact sequence for Ra, we obtain the descendants A and B:
1> Out®(Ar: G, {Aa}") - Out®(Ar) » Out®(An; Ga, Ha) — 1
iy =G =B
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First we consider the right descendant B. Recall the definition of GA and HAa:
JIA = {AAn@|A@ € J}. Observe that Ha = @ and Ga = P ({ve,v3}). We can thus
apply the restriction homomorphism Ry for A = {vs,v3}:

1= OUtO(AA;gA, {AAY) = Out®(An; Ga, (Ha)Y)
_ -B
- Out®(An; (Ga) s (Ha),) = 1
-D

Again we will consider the right descendant D. (Ga)a = {{va},{vs}}, (Ha)r = @,
so we can apply the restriction homomorphism R,,:

1= Out®(Ay; (g?)Av {A0,}") = Out®(A4;(Ga)a, (Ha)y)
= =D
= Out”(Ay,; ((QA)IL);za ((Ha)p)w)") ~ 1

Looking at the right descendant H, this group’s only generator is the inversion of
v, this group is isomorphic to GL(1,Z) 2 Z/27Z is finite and therefore has linear
Dehn function.

Considering the left descendant F', the only generator of this group is the inversion
of v3 and so as above this group is GL(1,Z) satisfies a linear isoperimetric inequality.
At the previous step, looking at the left descendant C, there are no non-trivial
restriction maps, since the upwards closure of vy is all of A, and the other two

vertices are acted upon trivially. A is a complete graph with proper non-trivial
centre generated by vs, so we apply the projection homomorphism on p = {vy,v3}:

1 Kp, » Out’(Aa;Ga, {Ar}) = Out®(A,; (Ga),) — 1
=7 =C =J

The left descendant I is generated by leaf transvections in A, and therefore is Z,
generated by the transvection v; — vive. The right descendant J is generated by
both the transvection v; ~ vivs and the two inversions. (Ga), = {vs} and J allows
no non-trivial restrictions. It is disconnected and (Ga ),-disconnected, meaning that
it is the Fouxe-Rabinovitch group Out®(A,; {vs}").

Looking now at the left descendant of the inital step A, we can apply the
restriction homomorphism R, to get 2 new descendants K and L:

1 Out’ (Ar; G, {Aa, 4, })" = Out® (Ar;G. {Aa}")
=K
= 0ut’ (A Gy, ({Aa))}) ~ 1
=L

Since K acts trivially on Aa, Ay, it must trivially on all of I', so is the trivial group.
Exactness then tells us that A and L are isomorphic.

For L, see that ({Aa}), ={{vs}}, and that G, = P({vs,va}). We can apply the
restriction homomorphism R,,:

1 Out® (A Gy, ({Aa}y U {Au})") > Out® (4,: Gy, ({4a1)))
=M =L

- Out® (Am; (gx)v4v ({AA}X);) -1

=N
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Since M acts trivially on Aa and A,,, it must act trivially on every vertex but vs,
and so we can apply the restriction homomorphism R,

1 Out® (Ay; Gy, ({Anty U {Au,} U {4,,})")
=0
= Out® (AX; gxa ({AA}X U {AU4})t)
=M

- Out® (Avs,? ((gx)v4)v5a (({AA}X)M);) ~1
=P

Observe that O acts trivially on all of x and so is the trivial group. See that the
only generator of P is the inversion of vs, so P 2 GL(1,Z). Observe that N acts
trivially on every vertex, so is the trivial group.

These computations yield a decomposition tree for Out® (Ar):

G = Out®(Ar)
/ \
A=0ut® (Ar; G, (Hu{Aa})")
e B%: Out® (Aa;Ga)

K=1 C = Out®(An; Ga, {Ar}Y)

L= Outo AX,QX, {AA}) ) /\ D= OutO(AA,(gA)A,('HA)A

/ I1=7 \
F=GL(1,Z)

H=GL(1,Z)
/ J = Fouxe-Rabinovitch

P=GL(1,Z)

With this tree, we can extract short exact sequences 1 - X - Y - Z — 1, where YV
is an internal vertex and X and Z are its two descendants. Using such sequences
and our bound from Section 4, we can bound the Dehn function out Out’ (Ar) by

e
douto(ar) S € ;

where the height of the exponential tower is 8. If we compare this to the bound
given by studying the amalgamated cliques, one can observe that I contains three
amalgamated 2-cliques, each of size three, which yields an exponential tower with
height 3 x 23 = 24, evidently a far weaker bound. In fact, we can do much better
using this decomposition tree - we can make many deductions rather than naively
applying . In each short exact sequence, if a group X'’s two descendants are both
finite, then Lagrange’s theorem tells us that X must also be finite, and satisfy a
linear isoperimetric inequality. Applying this, we see that M, L and A must all be
finite on the left branch, and that D must be finite on the right branch, so C is a
finite-index subgroup of B, meaning dp ~ §¢ and we can say

n

¢
5Out0(Ar‘) <e
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